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Partition

A= (A,..., A) F Kk
N> >N=0 ) A=k

Schur function [Jacobi 1841, Schur 1901]
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i
SA(X7y X2y ey Xpn) = ‘

n—j
Xq

Sa(X1,%X2, ...y X ) 1S & symmetric polynomial:

SA(Xn(1)y Xn(2)y - - + 3y Xm(n)) = SA(X1y X2y ..., Xy ) for all me G,



Ring of Symmetric functions

A\ = (C[m)\] — EB/\n

n>0

A1 UA A

;, 18 & monomial symmetric function

e powersum symmetric functions
P2 = 04 +%3 4+ )X +x3+ )

e clementary symmetric functions
e32) = (x1xax3 +x1XaXxa + - -+ ) (X1X2 + X1%X3 + X2X3 - - - )

e complete homogeneous symmetric functions
h(3,2) — (X?"F' ' “|‘X%X2‘|" e X1X2X3 e )(X%—I—- XX+ )

e Schur functions



Combinatorial model

Semistandard tableau of shape A = (4, 3, 3):

3

L

2 2
5 6
6 8§
S\ = Z x", T: semistandard tableau

T

$(2.1) = X§x2 + X1X5 + XIx3 + x1%5 + 2x1%2X3 + - - -



Jacobi-Trudi determinants

sx = [ha,—i+jl = [sa,—i+j

S2 83
S(2,1) = = 8281 — 8380
So §31
S5 = e?\i—i+j’ = [S7A;—i+
s,y Sy |
S52,1) =S5y — = 5(1,1)81 — 5(1,1,1)50
(2,1) S0 S1




(isomorphic) graded algebras

A =P, A™: ring of symmetric functions
sa(X)sp(x) =) e sy (x)
Y%
R = &, R™: irreducible representations of Gy ’s
X oxt =D el
A%
finite dimensional polynomial representations of GL,,(C)

VN @ V(W) =P 3, V(v)

H*(Gr(m,n)): cohomology ring of a Grassmannian

_ E Y%

v



Littlewood-Richardson numbers (1)

LR-tableaux [Littlewood & Richardson 1934]

Semi-standard tableaux of shape v/A with content p, whose row

word is a lattice word

___________________________ T
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2 2 4 4 J T S SR

Y = number of LR-tableaux



Littlewood-Richardson numbers (2)

Hives [Knutson & Tao 1999

o) ) ¢ 0
C 5@ N\ /5 N
Y s
M4

41 V9 V3 Vg

x > v, 3 > 0, and in each triangle the sum of two values on oblique
sides is same as the value on the horizontal side.

Cx.,. = number of hives



Littlewood-Richardson numbers (3)

Puzzles [Knutson, Tao & Woodward 2004]

AVAVAVLTAVAVA
AVAVAV. VAVAVAVA!

A= (4>2)> H = (352)>V — (754) C (7> 7)

v —
Cx, = number of puzzles



Littlewood-Richardson numbers (4)

[Stembridge 2002]

¢y . = number of semistandard tableaux ot shape p such that
A+wt(T) =v and A +wt(T>;) is a partition for all j > 1
[Vakil 2006] Checker games

[Coskun 2009] Mondrian tableaux
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Important Theorems

Horn’s inequalities [Klyachko 1998, Knutson & Tao 1999] Let A, n
and v be partitions of lengths at most n. Then cx|, > 0 if and
only if |v| = |A| 4+ |u| and for all r < mn,

2 kek Vk S 2 ijer Mt 2oy Ky holds for all (I, ], K) € R

Saturation [Knutson & Tao 1999| For a positive integer N,

Cx, >0 if and only if Cm;\/Nu >0

Fulton’s conjecture [Knutson, Tao & Woodwards 2004] For a
positive integer N,

cx, = 1 if and only if CﬁXNH =1

Interior [Knutson, Tao, Woodwards 2004] If A, u, v are partitions
with n distinct parts, and each of the Horn inequalities holds
strictly, then ¢y, is at least 2.
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Identities of LR-numbers

v — YV
Symmetry cy  =c|

Conjugation c; = C%’)ﬁ
Reduction I For any three indices 0 < 1,j,k <n with 1 +j =k 4+ n,

if Ai + 13 = v then ¢}, = CX:X;‘)H_M .

Reduction II If there are Ai, uj, vy with i +j = k — 1 such that
A1 < Aj, Hi+1 < W, Vi < Vi1 and Ay + W = Vi + Vi + 1, then

v— (1%

A—(TY), p—(17)°

Factorization If ¢y, > 0 and there exists (I, J,K) € R for some
r<msuch that } | Vic =2 ;1 M+ 255 1y, then

v __ AVK Vke
C?\},L - C7\1},L] Aic Hyc °

Y _
Cxp=2¢C
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Combinatorial proofs

Symmetry Benkart, Sottile and Stroomer, “Tableau switching:
algorithms and applications,” JCTA 1996

Conjugation Hanlon and Sundaram, “On a bijection between
Littlewood-Richardson fillings of conjugate shape,” JCTA 1992

Reductions C, Jung and Moon,

“A combinatorial proof of the reduction formula for
Littlewood-Richardson coefficients,” JCTA 2007

“A bijective proof of the second reduction formula for
Littlewood-Richardson coefficients,” BKMS 2008

“A hive-model proof of the second reduction formula of
Littlewood-Richardson coefficients,” Ann. Comb. 2011

Factorization King, Tollu and Toumazet “Factorisation of
Littlewood-Richardson coefficients,” JCTA 2009
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Reductions: examples

Reduction I = When A = (5,4,4,3,3,2,1,0),
W= (5>5>5>4>4>1>O>O)7 V = (8,8,6,6,5,5,4,4)
and1=6,j) =05, k=3,

i+j=k+mn and A¢+us=v3. Hence

(8)8)6)6)5)5)4)4) P C(8)8)6)5)5)4)4)
(5)4)4)3)3)2)1 )O))(5)5)5)4)4)] )O)O) (5)4)4)3)3)1 )O))(5)5)5)4)1 )O)O)

Reduction I  When A = (7,6,5,3,1,0,0,0),
H = (6>5>5>5>3>O>O>O)7 V= (8>8>8>8>6>4>2>2) and 1 :27 ] :47
k =7, we have Ay > Az, Wg > Us, Vg > vy and

i+j=k—1, A +w >vi+vy+1. Hence

(8)8)8)8)6)4,2,2) (7)7)7)7)5)3,2,2)
0,0

€(7,6,5,3,1,0,0,0),(6,5,5,5,3,0,0,0) — ©(6,5,5,3,1,0,0,0),(5,4,4,4,3,0,0,0)

~—
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Reduction from factorization: Observations
o If A\, 1, v are partitions of length at most 2, then Cap = 1 if it is
Nnonzero.

e It is not easy to check the condition (I, ], K) € RT'. However, we
can explicitly write down the conditions for (I, ]J,K) to be in R
whenr=1,2n—1orn—2.

e Factorization is a reduction if r=1,2,n—1 or n — 2.

15



Condition (I,]J,K) € R

For I ={iy <1 <- - <i}

W(I) = (ir_r>ir—1 _(T_1)>°°°>i'1 _1)

For I, J, K: r-subsets of [n],

(I,J,K) € RY if and only if CQE;),W(J) =1

16



Condition (I, ]J,K) € R* when r=1,2

(1) ({i,{j}{k}) € Rt if and only if i+j =k + 1.

(2) ({i],iz}, {j],jz}, {k],kz}) = R? if and only if the fOHOWiIlg
conditions are satisfied:

L4+ +ji1+j = ki+k +3,
431 < ki +1,
432 < ko+1,
b4+ < ko +1

17



Condition (I,],K) € R when r=n—1,n—2

(1) ({i)5{3)5{k}¢) € R ; if and only if i+j =k +n.
factorization = reduction formula I !

(2) ({i],ig}c,{jhjz}c,{khkz}c) c RR—Z if and only if the
following conditions are satisfied:

i1+iz—|—j1—|—j2 k1+k2+2n—1,

k.z—|—T1 S iz+].2,
k.1—|—Tl S 12+j1,
k.1—|—Tl S i1+].2



(Extended) Reduction formulae [C, Moon 2011]

(r = 1) Suppose that there are 1 < 1i,j, k < n satisfying the following
condition;

(%) 1+j<k+1T.
a) If Ay + b < Vv, then C;\/,H = 0.

b) If Ai + 1y = Vi, then ¢y, = cy 31
(r =n — 1) Suppose there are 1 < 1i,j,k < n satisfying the following

condition;
(*) i+j>k+n.
a) If Ay + 15 > vy, then cx,,. =0.

V—‘V{k}

b) If 7\1 + Ivlj = Vi, then C;\/,u — C7\—7\{1}> H—Hy

19



(r = 2) Suppose that there are 1 < i1,12,j1,j2,k1,k2 < n such that
11 <12, j1 <j2, k1 < k2 satisfying the following conditions;

(%) 1 +i24+j1+j2 < ki+k2+3,
t1+j1 < ki +1,
l1+j2 < ka1,
L+ < ka+1.

a) If Ay, + Ay, + 15, + 15, < Vi, + Vk,, then cx |, =0.
b) If Ai; + Ay, + 5, + 15, = Vi, + Vi,, then

( V=Vi{kq,ky}

C if vi, —Ai; <y
ATMig i HTHG L) ko T A = W,

v Wi, < min{vkz — }\iz y Vk1 — }\11}

and Vi, —}\11 S 25F S Vi, —}\12,

0 otherwise.

20



(r =n — 2) Suppose that there are 1 < 1i4,12,j1,j2, k1, k2 < n such that
11 < 12, j1 <j2, k1 < k2 satisfying the following conditions;

(*x) Li4+i2+j1+j2 > ki+ka+2n—1,

k2+n S irZ“‘jZ)
ki+n < i2+jr,
ki+n < 11492.

a) If Ay, + Ay, + 15, + 14, > Vi, + Vi, then cx |, = 0.
b) If Ai; + Ay, + 5, + 15, = Vi, + Vk,, then

(V7 V{kq,k32}

C if vi, —Ai; <y
ATMig i HTHG L) ko T A = W,

v Wi, < min{vkz — }\iz y Vk1 — }\11}

and Vi, —}\11 S 25F S Vi, —}\12,

. O otherwise.
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Conjugated Reduction formulae [C, Moon 2011]

(r =1) Suppose that there are Ay, 1y, vic such that A1 < Ay,
Wj+1 < Wy and v < vy_7 satisfying the following condition;

(*) A+ < v+ 2.
a) If i+j <k—1, then ¢y ,, =0.
b) Ifi+j=%k—1,thency  =c

(r =n—1) Suppose that there are A, pj, vi such that A1 < A,
Wj+1 < Wy and v < vy_7 satisfying the following condition;

(%) M+ >vi+vi+1.
a) If i+j >k—1, then ¢y ,, =0.

b) Ifi+j=k—1,thenc) , =c
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(r =2) Suppose that there are Ay, > Ai,, Wj, > Wj,, Vk,; > Vi, such that
}\i1+1 < }\113 }‘iz+1 < }\iza Hip+1 < Hjq5 Hj+1 < W4, and Viy < Vky—1,
Vi, < Vk,—1 satisfying the following conditions;

(¢) Ay + AL+, H 1y, S Vi VK, 5,
My HH, <0 Vi, +2,
My 1y, <0 v + 2,
A, H15, < vk, +2.

a) Ifi4+124+j1 +j2 < ki + k2 — 2, then CX)H:O.
b) Ifi14+124+j1 +j2 =k1 + ko — 2, then

( (2k1 =1 1k2—kq)

V— . . . .
CA—(zﬁ,ﬂz—H),M_(zh,ﬂz—h) if k2 —i2—1 <j2 <k2—1y —1,

ki —12 —1 <97
j1 <minfks —11 — 1, k2 —1i2 — 1}

0 otherwise.
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(r =n — 2) Suppose that there are Ai;, > Ai,, Ui, > Hj,, Vk,; > Vi, such
that Ai; 11 < Aiy, A1 < Aiy, By,401 < W, Bj,+41 < M4, and
Vi, < Vi;—1, Vk, < Vk,—1 satistying the following conditions;

() Ay + A, F R, TR, = Vig Ve, F2vi+ 1,
My + 4, 2 Vit v+,
My i, =2 Vit 1,
My, 1y, = Vit + 1.

a) Ifiy4+124+j1 +j2 > k1 + ko — 2, then C;\/,p:O‘
b) Ifi14+124+j1 +j2 =k1 + ko — 2, then

( (2k1 =1 1k2—kq)

v— . . . |
C}\—(Zi1)]iz—i1 ))H_(2j1,1j2_j1) lf kz — 12 —1 S JZ S kZ — i — 1)

ki —12 —1 <97
j1 <min{ks —11 — 1, k2 —1i2 — 1},

0 otherwise.
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Examples

Note: The conjugated reduction formulae can be applied when we

formally set Ag = up = v1 and v,1 = 0 in each case.

e A primitive triple (no formula is applicable)
v=(9,7,6,6,3,3,2)

A=(6,54,3,21,0)
w=(7,3,2,1,1,1,0)

e Small examples

C4,2),3,00 = ©(2,0),(3,0) =
(5,3) 2
C(4.0),(4,0) = |

25



5,14,14,13,13,13,13,13,11,11,10,10,9,9)
3,13,12,11,11,11,9,9,7,5,4,3,1,0),(¢,8,7,6,6,5,5,5,4,2,2,0,0,0)

5,14,14,13,13,13,13,13,11,11,10,10)
3,13,12,11,11,11,9,9,7,5,4,3),(7,6,6,5,5,5,4,2,2,0,0,0)

C

o

(1
(1
(1
(1

12,11,11,10,10,10,10,10,8,8,7,7)
10,10,9,8,8,8,6,6,4,2,1,0),(7,6,6,5,5,5,4,2,2,0,0,0)

11,10,10,10,10,10,8,8,7,7)
10,10,9,8,8,6,4,2,1,0),(7,6,6,5,5,2,2,0,0,0)

(@]

(
(
(
¢

(9)9)9)9)9)9)73736)6)
(9)9)8)77775)4)2)1 )O))(6)5)5)4)4)2)2)O)O)

(9)9)9)9)73736)6)

(8?7?775?4?2?170)3(6?575?4?4)2)270)

(7?7?777?5)5?4?4) é C(7?777?5?574)
(6?5?575?4?2?170)3(4?373?2?2)2)270) (6?5?5?47270))(4?372?2?270)
C(5)5)5)4)4)3) TL:] C(5)5)4)4)3)
(5,4,4,3,2,0),(3,2,1,1,1,0) — *~(4,4,3,2,0),(3,2,1,1,1)

(4,4,3) _n—=1 _(4,3) n-2 o _
C(32,0),3,2,1) = = C(3.0),3,1) — Co,0 =1

26



Applications

Theorem [C, Moon 2011 | If A, i, v are partitions with n distinct
parts and C;\/u — 1, then we can reduce the triple (A, u,v) to
(9,9, @) using r = 1, 2 reductions.

Proof: Factorization + Fulton’s Conjecture + Induction on n

Conjecture If ¢y, = 1, we can reduce the triple to (&, &, &) using
J A

PR

r=1,n—1,1,n— 1 reductions.
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Schur P-functions [Schur 1911]

For a strict partition A = (A > A; > --- > NA¢) F Kk,

Q?\(X1 y X2y oo )Xn) = Pf(Q(M,?\j)) )

where Pfaffian of a 2m X 2m skew symmetric matrix A = (aij) is

m

Pf(A) = Z e(w) H Aw(2i—1) w(2i) »

WESZm i=1

for wi2i—1) <w(2i) and w(1) <w(3) < --- <w(2Zm—3) <w(2m —1)

Q(r,s) = drQs +ZZ(—1)iqr+iqs_i,
i=1

n
Xi + X;
qr(X1yeenyXn) :ZZX{HXT_XJ.
i X

i=1 j#£i

28



Pa(X1,X2y 000y Xn) = Z_QQA(xhxz,...,xn)

A specialized Hall-Littlewood function (t =—1)

H w(i) T Xw(j)
PA(X1)XZ) Xn = —
. WES,, i=1 1<€ i< (1) w(j)
Xi—Xj X?\j
Pf Xi+Xj i
—X?i 0
PA(X],Xz,...,Xn) —

Pf (33 )

Pa(x1,...,%Xn) is a symmetric polynomial and {P,} forms a basis of

= Clq1,92,93,...] CA
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Combinatorial model for P, (1)

Marked shifted semistandard tableaux of shape A = (5,3,2) on letters
1T"<1<2' <2<---}%

T 1 1 2" 2
2 25
4 5’

Py = Z x', T: marked shifted semistandard tableau
T

T 11 2112 1 202
2 2 2 2

30



Combinatorial model for P, (2)

A word w = wiw> - - -w,, on the set of alphabets {1,2,...,n}is a
hook word if there is 1 < m’ < m such that

W1 >Wy > > W KW < -os < Wiy

A semistandard decomposition tableau (SSDT') R of shape A is a
filling of S(A) such that

1. the word R; obtained by reading the ith row of R from the left is
a hook word of length A;, and

2. Ry is a hook word of maximum length in R¢Ry_1---R; for all

i=1,...,0-1.

Pr=) x', T: SSDT
T

31



3 2,2 2,2 3
Py (x1,x2) =x7x2 + x7x5 + X7x5 + X1%5

[Serrano 2010| There is a weight preserving bijection between the set
of shifted semistandard tableaux and the set of SSDT"’s

1 27 3" 3 4 2 1 3
> 3 4 mixedﬁertion 33234213 SK igsgrtion 3 97 3
3 3
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Lowest weight SSDT and highest weight SSDT
A= (9> 8> 6>4>3)

— o
— N ™

— N N on o
— N NN
NN <<
N <0

<+ 0

Lo

<+ 0

N <N

— N N <t
— NN <t
— N N <t
NN o
N <N

<+ 10

LO)

33



Bender-Knuth type involutions:

a proof of symmetry of P,

Theorem [C 2013] Lascoux-Schiitzenberger involutions defined on

the set of words are Bender-Knuth type involution on SSDT"s

5112|3652

@G G B

4654

3—52

34

o O

365

g G B

NN
N =k =
w HH -

1146542 1|1




Related algebras

e [: subring of symmetric functions

PAIPL(x) =) Y, Py(x)

e H'(OG(n+ 1,2n + 2)): cohomology ring of orthogonal maximal

isotropic Grassmannian
N
AT, = E fA’HTV
vV

e projective representations of G,

35



Shifted Littlewood-Richardson coefficients (1)
[Stembridge, 1989]

x.u = number of LRS-tableaux

WhenV:(5,4,2,1),7\:(3,1),u:(4,3,1),
1 1
112
T= is an LRS tableau:
2 2
3

- T is a marked shifted semistandard tableau of shape v/A and content pn

-Let wWw=ajaz---aym forw=11"2"11223, w=4'3"3"2"2"212". For
each ai =k +1or a; = (k+1)’, there are more k’s than (k+ 1)’s in
ap---ai—1.

- The last occurrence of k’ precedes the last occurrence of k in w.
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Shifted Littlewood-Richardson coefficients (2)

fX, = mnumber of 777 SSDT 7

Motivation:

Stembridge, A concise proof of the Littlewood-Richarson rule,
Electron. J. Combin. 9 (2002)

Py (Xny ...y X1)
PA(Xn>Xn—1>--->X1):Pf
O(an--)X])
_ 1 M e X5 + X4
( _e)y n "m—I1 n—~{+1 o~
n . XX
TESH n—L+1<5, i<j

Let Dy, = Pfp(xn,y...,x1) = H1§i<i§n Zi* then

Xj +xi?

37



Dn - PA(Xn,..yX1)Pu(Xny ...y x1) X (n—¢€)!

A Ae w(T) X)X
E E e(mm) mf xn' - ox g X© ||
Xj +Xi

TEYVn (1) \7mESH 1<i<j<n—¢
_ 2 Z A)+w (RIT ) H Xj —Xi
RED (1) TESH 1<i<j<n—¢ t
R is {-essential

R R . v

= E E g +w(R|n €41 )XOH ce X(ka H X Xi

. e . kR ' n—~¢ n—C—kgr+1 X) + Xi

7'[€Sn 1<i<j<n—C—kpg
where a® = (af, ..., ocER) = sh(R %) and

an SSDT R is (-essential if w(RH‘_()’) = (Pn—¢y...,P1) Where
p = sh(R}1).

38



When n = 3,
31 2

R, = is not T-essential: Pmix(212)= 1 2/ 2 isof
2

shape (3,0) and is not the lowest weight tableau of shape (3,0).

Dn°P)\(Xn, e ooy X )Pu(XTn .« o ,X]) — Z Dn'P}\+r(w(R))(Xn> .« o ,X])

R:{—essential

39



There are only seven 1-essential SSD'T’s among 24 SSD'T’s of shape

w=(3,1), when n = 3:

2 1 2 3 2 2 3 2 1 2 1 3
SSDT R
2 2 2 2
r{w(R)) 0,3, 1 (1,3,0) (1,2, 1) (1,2,1)
A+r(w(R)) || (2,3,1) (3,3,0) (3,2,1) (3,2,1)
3 2 3 3 2 2 3 2 3
SSDT R
2 3 3
r{w(R)) (2,2,0) (2,2,0) 5,1,0
A+r(w(R)) || (4,2,0) (4,2,0) (5,1,0)

40




D3 - P2.0,0)(x3,%2,%1)P(3.1.0)(X3,%2,X1)
= D3 :P3.1)(x3,%2,%x1) + D3 - P3.30)(x3,%2,%1) + D3 - P32 1)(x3,%2,%1)
+D3 - Pi3.2.1)(x3,%2,%1) + D3 - Pa2,0)(x3,%2,%1)

+D3 - P4,2,0)(x3,%2,%1) + D3 - P(5,1,0)(x3,%2,%1)

An (-essential SSDT R is A-bad if read(R) = uquy - - - uy, is A-bad:
There is i such that A + r(w(ug...uy)) is not a strict partition.

Among seven 1-essential SSDT’s of shape u= (3, 1),

2 1 2 3 2 2 2
R; = , Ry = and Rz = are A-bad,
2 2

where A = (2):
read(Ry) =2212, r(w(22)) = (0,2,0) and (2,0,0) 4+ (0,2,0) € DP,
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Define a sign reversing involution on the set of A-bad
-essential SSDT’s:

For u = wu,...u, = read(R) let iy be the first i such
that A +1(w(uw...w;)) € DP, and w;, = k then

N ¥ 10
R® = 000%_1" " Ok—qg - - Ok—10C (R)

We have two relations
D3 - P31y (x3,%2yX1) = —D3 - P321)(x3,%2,%1) and
D3 y P(g)g)(Xg,Xz,Xﬂ = 0. Therefore,

D3 - P20,0) (%3, %2, %1)P(3.1,0) (X3, X2, X1)

= D3 Piai)(xs,x2,%1) +2D3 - Py (Xx3,%2,%1) + D3 - P5.10)(x3, %

42



Theorem [C 2013]

P?\(XTn c o >X1)Pu(xn> c o >X1) — Z P?\Jrr(w(R))(Xn) o« >X1) y
R

where the sum runs over the A-good {-essential SSDT’s of
shape u. Therefore

f), . = number of A-good S5DT’s of shape p with weight
(v —A).
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Remark

e S.-J. Kang et.al proved that the set of SSDT*’s forms a crystal of
the quantum queer superalgebra Ug(q(n)) and obtain a similar
result to the theorem on the decomposition of the product of two

Schur P-functions using crystal basis theory.
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(Generalizations

quasi-

affine-

- of Lie type (algebraic and geometric)
G/P~ G/B

equivariant-

quantum-

K-theoretic
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Thank you !!



